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For many years ,  it has been recognized that  sound propagat ing through a 
medium whose properties are v a r i a b l e  may be a l t e r e d  i n  c h a r a c t e r  ( r e f .  1 ) .  I n  
p a r t i c u l a r ,  t h e  d i r e c t i o n  of propagat ion  of  the  sound and  the  in tens i ty  of  sound 
received by an observer depend  d rama t i ca l ly  on  the  phys ica l  p rope r t i e s  o f  t he  
i n t e r v e n i n g  medium. Various aspects of t h i s  phenomenon have  been  studied  by 
numerous  researchers.  For  example,  Ribner (ref. 2) s o l v e d  by F o u r i e r   a n a l y s i s  
for t h e  r e f r a c t i o n  o f  a plane sound wave by a shea r  l aye r  o f  ze ro  th i ckness .  
Candel et al .  (ref. 3) cons ide red  the  p ropaga t ion  o f  an a c o u s t i c  f i e l d  i n  a f r e e  
j e t  by us ing  a h igh   f requency   geanet r ic   approximat ion .  Howe ( r e f .  4 )  e v a l u a t e d  
m u l t i p l e  s c a t t e r i n g  o f  s o u n d  by f r o z e n  t u r b u l e n t  e d d i e s .  Much of t h i s  WOK k has 
been  reviewed by L i g h t h i l l  ( ref .  5 ) .  
Recent ly ,  th i s  problem has  aga in  begun t o  r e c e i v e  a t t e n t i o n  b e c a u s e  o f  t h e  
inc reased  use  of open j e t  f l o w  f a c i l i t i e s  f o r  t e s t i n g  a e r o a c o u s t i c  s o u r c e s .  
O f  i n t e r e s t  are t h e  e f f e c t s  of the  shear  layer  be tween the  f ree  j e t  and the sur-  
rounding ambient medium o n  t h e  m e a s u r e d  i n t e n s i t y ,  d i r e c t i v i t y ,  a n d  spectra of  
t he  no i se  sou rce  when compared t o  those which would be measured i f  t h e  source 
were i n  f l i g h t .  S t u d i e s  p r i m a r i l y  o f  t h e  r e q u i r e d  a n g l e  a n d  a m p l i t u d e  correc- 
t i o n s  have  been  accomplished by Schlinker  and A m i e t  ( r e f .  6), Ahuja e t  al. 
(ref.  7), and  Ozkul  and Yu ( ref .  8 ) .  
Al though these  d i rec t ion  and  in tens i ty  changes  are the  dominan t  e f f ec t s  of 
propagat ion through a s h e a r  l a y e r ,  a s ign i f i can t  f r equency  d i s to r t ion  has  been  
observed as well ( r e f .  9 ) .  T h i s  phenomenon is  t h e  spectral broadening  which 
becanes apparent  when  a t o n a l  or na r rowband  source  is p r e s e n t  i n  t h e  j e t .  
Sound power which is r a d i a t e d  a t  a given frequency i s  p e r c e i v e d  o u t s i d e  t h e  j e t  
as a band of f r e q u e n c i e s  scattered abou t  t he  o r ig ina l  f r equency .  
I n  a recent   paper ,   Schl inker   and A m i e t  ( r e f .  9 )  h a v e  s p e c u l a t e d  t h a t  t h i s  
" f r e q u e n c y  s c a t t e r i n g "  may be caused by a Doppler s h i f t  p r o d u c e d  as the  sound 
t r a v e r s e s  c o n v e c t i n g  t u r b u l e n t  e d d i e s  i n  t h e  f l o w  as i f  t h e  s o u n d  were absorbed 
by the eddy and then reemitted f r a n  t h e  e d d y  as a moving source.  Superposit ion 
of  th i s  Doppler -sh i f ted  sound wi th  the  " remnant"  of  the  or ig ina l  sound wave 
which did not encounter an eddy during its passage would then produce a f re -  
quency s h i f t  a t  t h e  o b s e r v e r  l o c a t i o n ,  a s  well as a l o w  frequency modulation of 
t h e  a c o u s t i c  s i g n a l .  
Although such a model can account for the  obse rved  phenomenon, it is unnec- 
e s s a r y  to r e q u i r e  a n  a c t u a l  Doppler s h i f t  i n  t h e  f r e q u e n c y .  An a l t e rna te  mode l  
can be developed by suppos ing  tha t  a sound wave would  mere ly  t raverse  an eddy, 
be ing   sanewhat   d i s tor ted   in   ampl i tude  and  phase  by its p a s s a g e .  I n  t h i s  case, 
t h e r e  would be no Doppler s h i f t .  Such  phenomena  have previously been described 
i n  t h e  classic WOK k s  by t h e  R u s s i a n  workers, Chernov (ref. 1 0 )  a n d  T a t a r s k i  
(ref. 11) , who were p r i m a r i l y  i n t e r e s t e d  i n  p r o p a g a t i o n  of radio waves through 
a turbulent   a tmosphere.  The p o s s i b i l i t y  of spectral b r o a d e n i n g  i n  t h i s  case is 
well documented i n  e l e c t r a n a g n e t i c  t h e o r y  ( r e f .  1 2 ) .  
I 
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I n  t h e  p r e s e n t  paper, we show t h a t  t h e  a p p a r e n t  f r e q u e n c y  s h i f t  o b s e r v e d  
i n  t h e  spectral  data can be e x p l a i n e d  p u r e l y  o n  t h e  b a s i s  of ampli tude modula- 
t i o n  by t h e  time variation of the  shear  layer  be tween the  source  and  observer .  
T h i s  t h e o r y  is then  suppor ted  by exper imenta l  data o b t a i n e d  a t  Langley Research 
Cen te r  i n  wh ich  no  f r equency  sh i f t  can  be observed, although modulation is 
obvious.  
ANALYS IS 
C o n s i d e r   t h e   g e m e t r y  shown i n   f i g u r e  1 .  A source  of   requency wo l i es  





F i g u r e  1.- Gecanetry  of f r e e - j e t  a c o u s t i c  test. 
are def ined  a t  the   back  of th i s   paper   on  p. 23.) Between the   source   and   an  
o b s e r v e r  s i t u a t e d  o u t s i d e  t h e  f l o w  i n  a n  a m b i e n t  r e g i o n  l i e s  a s h e a r  l a y e r  
t h rough   wh ich   t he   ax ia l   ve loc i ty   d rops  fran Uo to  zero .   This   shear   l ayer  is, 
i n  g e n e r a l ,  t u r b u l e n t  a n d  t h u s  p r e s e n t s  a time-varying medium through which the 
sound m u s t  propagate  t o  the  obse rve r .  The q u e s t i o n  o f  i n t e r e s t  is t h e  e f f e c t  of 
t h i s  s h e a r  l a y e r  o n  t h e  o b s e r v e d  f r e q u e n c y  of the  sound  r ad ia t ion .  
The nonturbulen t  theory  of  sound propagat ion  for  th i s  geometry  (see r e f .  9 
fo r  an  ex tens ive  r ev iew)  would y i e l d  n o  f r e q u e n c y  s h i f t ,  s i n c e  t h e r e  is no 
re la t ive   mot ion   be tween  the   source   and   observer .   Thus ,  if  t h e  time dependence 
of t h e  s h e a r  l a y e r  is n e g l e c t e d ,  t h e  a c o u s t i c  p r e s s u r e  s i g n a l  r e a c h i n g  t h e  
observer  would be 
P ( t )  = A, cos ( w o t  + $ )  
where  the amplitude A, is a cons t an t   dependen t   on   t he   i n t ens i ty   and   d i r ec t iv -  
i t y  o f  t he  source, t h e  v e l o c i t y  of the  f low,  and t h e  d i s t a n c e  f r a n  t h e  s o u r c e  
to  the   observer ;   and   the   phase   angle  $ is a random v a r i a b l e  u n i f o r m l y  d i s t r i b  
uted  over  (0,27T) dependent   on  the  choice for t h e  o r i g i n  of time t. I n  t h i s  
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case, the expected value of the acoustic pressure can be shown t o  be zero, and 
its autocorrelation depends only on the time difference T ,  i.e., 
where  E[ 1 is the  expectation  operator. Thus,  the  acoustic  pressure is a 
weakly stationary random process (ref. 13) whose  power spectral density consists 
of two delta functions: 
as shown i n  figure 2. For future reference, note that the power of the acoustic 







Figure 2.- Power spectral density of observer signal for 
time-independent flow. 
Consider now the effect of the time dependence of the flaw on sound radia- 
tion from t h i s  source. I t  is assumed only that the source impedance is such 
that the time dependence of the flaw does not alter the fundamental frequency a t  
which the source radiates and that the acoustic pressure received by the observer 
i s  a t  l eas t  a weakly stationary random process. The l a t t e r  assumption is, of 
course, generally made i n  the analysis of such data and is an entirely reasonable 
expectation for such geometry. 
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If the time-dependent shear layer produces an amplitude modulation of the 
acoustic signal, the acoustic pressure at the observer may then be written 
where A ( t ) ,  a random process  independent of the randan variable 4, represents 
the modulating e f fec t  of the shear layer on the amplitude of the acoustic wave. 
T h i s  is a c lassic  random process which many have studied (see, for example, 
Papoulis  (ref. 1 3 ) ) .  Since  Schlinker and Amiet (ref.  9 )  have shown that  the 
effects of the time variation of the shear layer are small, one should expect 
that  
The expected value of the amplitude-modulated acoustic signal remains zero, and 
its autocorrelation is given by 
Thus,  for the acoustic signal to be weakly stationary,  i t  is necessary and s u f -  
ficient for the autocorrelation of the amplitude modulation t o  depend only upon 
the time difference, i.e., 
R A ( T )  = E [ A ( t )  A ( t + T )  ] 
Then , 
where it can  be seen that the autocorrelation of the amplitude-modulated acoustic 
wave is merely a product of the correlation coefficient of the undistorted wave 
w i t h  the autocorrelation of the amplitude modulation. 
Note also that the power i n  the acoustic s ignal  is n o w  
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I f  t h e  amplitude modulation does not  change  the mean ampl i tude ,  tha t  is, if w e  
can write A ( t )  = A, + E (t) where E[€ (t)] = 0, t hen  
Thus, by canpar ing   equat ions  ( 3 )  and (6), it can  be  seen  that   ampli tude modula- 
t i o n  which does not change the mean amplitude m u s t  a lways  inc rease  the  power of 
t h e  acoustic s i g n a l  o v e r  t h a t  of t h e  unmodulated  s ignal .   Such  amplif icat ion of 
an acoustic s i g n a l  by passage through a shear  layer  has  been observed by 
Maestrello et al .  ( r e f .  1 4 ) .  The a u t o c o r r e l a t i o n  of the  modulat ing process may 
then be w r i t t e n  
which  as  the  behavior shown i n   f i g u r e  3, s i n c e  R E ( T )  approaches E 2 r € ( t ) l  = 0 
as T + m. 
I T 
Figure  3.- Autocorrelat ion of  ampli tude-modulat ion process. 
By i n t r o d u c i n g  t h e  power spectral densi ty  of  the ampli tude-modulat ion 
process, 
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it can then be shown by no t ing  equa t ion  (5) t h a t  t h e  power spectral d e n s i t y  of 
the  ampl i tude-modula ted  acous t ic  s igna l  is j u s t  
which is t h e  t y p i c a l  s p e c t r u m  f o r  a narrow-band random process ( r e f .  1 3 ) .  The 
c h a r a c t e r i s t i c s  of t h i s  spectrum may be v i s u a l i z e d  by o b s e r v i n g  t h a t  t h e  fre- 
quencies of the s h e a r  l a y e r  are u s u a l l y  law compared w i t h  t y p i c a l  source frequen-  
cies ( t h e   c h a r a c t e r i s t i c   f r e q u e n c y  of the  shear l a y e r  is of the  order of U d R ,  
where R is t h e   t h i c k n e s s  of t h e   l a y e r ) .  Thus,  t h e  power of the  ampli tude-  
modulat ion process  is clustered abou t  t he  frequency of  zero,  w i t h  a delta func- 
t i o n  a t  w = 0 due to the   l a rge   nonze ro   l ag   o f   t he   au tocor re l a t ion ,   and   t he  
spectral densi ty  of  the ampli tude-modulated acoustic s igna l  appea r s  as shown i n  
f i g u r e  4. Thus,   ampli tude  modulat ion  can  produce  the  observed  broadening  in   the 
frequency domain as well as the "remnant" of t h e  o r i g i n a l  discrete tone  noted  by 






Figure  4.- Power spectral density of amplitude-modulated 
acoustic p res su re .  
Sane readers may be i n t e r e s t e d  i n  c o m p a r i n g  t h i s  t h e o r y  w i t h  t h e  effect of 
a pure frequency  modulation.  This  comparison is made in  the  append ix  where  it 
is shown tha t  f requency  modula t ion  can  produce an acoustic p r e s s u r e  autocorrela- 
t i o n ,  and thus  power spectral d e n s i t y ,  similar to tha t  produced  by ampli tude 
modulation.  Thus,   there may be no d i f f e r e n t i a t i o n  b e t w e e n  t h e  t w o  on a spectral 
basis, and only by obse rv ing  the  time h i s t o r i e s  c a n  s u c h  a c h a r a c t e r i z a t i o n  be 
attempted. 
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In  the  nex t  s ec t ion ,  expe r imen ta l  data ob ta ined  a t  Langley Research Center 
f o r  an acoustic source i n  f r e e  j e t  f law are presented .  The time h i s t o r i e s  pro- 
duced by th i s  exper iment  d i sp lay  obvious  ampl i tude  modula t ion ,  bu t  no apparent  
f r equency  sh i f t .  These  data are then  analyzed to estimate c e r t a i n  properties of 
the amplitude-modulation process described above. 
DESCRIPTION OF EXPERIMENT 
Experimental  Setup 
The test w a s  performed a t  t h e  L a n g l e y  A i r c r a f t  Noise Reduct ion Laboratory 
in  the  Langley  Anechoic  Noise F a c i l i t y .  F i g u r e  5 s h o w s  a photograph of  the tone 
F igu re  5.- Photograph of  source in  
Langley Anechoic Noise F a c i l i t y .  
source  mounted i n  t h e  a n e c h o i c  r o o m .  F igu re  6 presen t s  d imens ions  pe r t inen t  t o  
the  se tup .  The roan is 6.1 m wide, 9.2 m long,  and 7.1 m high and has 0.84-IP 
deep f i b e r g l a s s  wedges  on t h e  f l o o r ,  walls, and c e i l i n g .  The tone source was 
s t i n g  mounted 1.52 m above  the  ex i t  p l ane  o f  a vertical jet. The j e t ,  1.22 m i n  





Figure  6.- Schematic of experimental  setup. 
The a i r  passes  through severa l  muff le r  sections on its way t o  the  anechoic  room. 
This  des ign  fea ture  minimizes  ex t raneous  background noise  en ter ing  the  fac i l i ty .  
One-half- inch condenser- type free-f ie ld  microphones f i t ted with sharp noise  
cones to reduce unwanted  wind n o i s e  were secured to  a r i g i d  arc tha t  ex tended  
f r a n  t h e  f l o o r  to the c e i l i n g .  The arc was cove red  wi th  sec t ions  o f  f ibe rg la s s  
wedges to  min imize   r e f l ec t ions  of the acoustic s i g n a l .  The microphones were 
p laced  a t  a cons t an t  radius of 4.57 m f rom the  source i n  1 Oo angular  increments  
from loo t o  90°. Excep t   fo r   t he   t op  two, which expe r i enced   i n t e rmi t t an t   bu f fe t -  
ing  by t h e  j e t  flow, the microphones were o u t s i d e  t h e  f l o w  f i e l d .  
A cutaway  view  of  the  tone source is  p r e s e n t e d  i n  f i g u r e  7. The source was 
o r i g i n a l l y  d e s i g n e d  to be  flown  under  the wing  of an a i r c r a f t .  As such, it con- 
s i s t e d  o f  a h i g h  i n t e n s i t y  a c o u s t i c  d r i v e r  c o u p l e d  to  a l o n g  c y l i n d r i c a l  tube 
and  encased  in  a s t r e a m l i n e d  f a i r i n g .  The tube  was 30.5 cm long  and  had a 3.5-an 
inner  diameter to match  the  s ize   of   the   diaphragm of the   d r iver .   This   a r range-  
ment  generated  plane waves a t  t he  d r ive r  f r equency .  A one-eighth-inch  microphone 
was f l u s h  mounted i n  t h e  wall of  the  tube t o  monitor  the source s t r e n g t h .  The 
end  of t h e  t u b e  w a s  covered with a s i n g l e  l a y e r  o f  f i b e r g l a s s  c l o t h  t o  i n h i b i t  
uns teady  aerodynamic  f luc tua t ions  which a f f e c t  t h e  acoustic source and t o  
keep  the  driver  and  source  microphones  clean. The c l o t h  is known to have  between 
80 and 90 p e r c e n t  t r a n s m i s s i b i l i t y .  Any change  in  the  impedance a t  t h e  c l o t h  
loca t ion  due  to  flow would change  the  s tanding  wave p a t t e r n  i n s i d e  t h e  t u b e .  The 
source mircophone was c lose ly  mon i to red  a t  a l l  times to  ensure  no change i n  t h e  
s t and ing  wave p a t t e r n ,  and consequent ly  no change i n  t h e  r a d i a t i o n  e f f i c i e n c y  
occur r ed. 
Flow F i e l d  
Unpublished hot-wire and p i t o t  t u b e  s u r v e y s  of the  1.22-m-diameter v e r t i c a l  
j e t  i n d i c a t e d  t h a t  t h e  j e t  sp read  much l i k e  a classical subson ic  j e t  w i t h  t h e  
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I/: 
Streamlined fairing --, [ Source microphone , z  
p o t e n t i a l  core extending   approximate ly   f ive   d iameters   downst ream.   In   addi t ion ,  
the normalized mean v e l o c i t y  p r o f i l e  s h a p e  f o r  a given downstream station was 
independent of t he  va lue  of c e n t e r l i n e  v e l o c i t y  and  uniform t o  wi th in  1 or 
2 pe rcen t .  T y p i c a l  p r o f i l e s  are p r e s e n t e d   i n   f i g u r e  8. The acoustic source 
z / D  = 0 
x / D  
C .25 .50 .75 
X/D 
F igu re  8.- Mean a n d  t u r b u l e n t  v e l o c i t y  p r o f i l e s  a t  two 
downstream locations.  
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was n o t  i n  place when these measurements were made. P r o f i l e s  o f  b o t h  mean j e t  
v e l o c i t y  U and  root-mean-square  turbulent  velocity  u '  are shown normalized 
by t h e  c e n t e r l i n e  v e l o c i t y  Uc. One p r o f i l e  p r e s e n t e d  is f o r  a downstream 
p o s i t i o n  (z/D = 1.50) n o t  f a r  f r o m  t h e  t o n e  s o u r c e .  The d a t a  show the   g rowth  
o f  t h e  s h e a r  l a y e r  w i d t h  a n d  t h e  i n c r e a s e  i n  t u r b u l e n t  i n t e n s i t y  f r o m  t h e  e x i t  
p l ane  (z/D = 0)  to the  downstream  location. Near t h e   t o n e  source, t h e   t u r b u l e n t  
l e v e l s  i n  t h e  core were on the order  of  0.5 p e r c e n t ,  w h i l e  i n  t h e  s h e a r  l a y e r ,  
l e v e l s  peaked a t  18 percen t .  
Note t h a t  w i t h  t h e  source i n  place, t h e r e  would be a n  i n c r e a s e  i n  t h e  t u r -  
bu lence  l eve l  nea r  t he  j e t  c e n t e r l i n e  caused by t h e  wake o f  t h e  source i t s e l f .  
The i n t e n s i t y  and l a t e r a l  e x t e n t  o f  t h e  t u r b u l e n t  wake, however,  would  be small 
compared  with  the j e t  shea r  l aye r .  Moreove r ,  t he  ana lys i s  p re sen ted  p rev ious ly  
i n  t h i s  paper is independen t  o f  t he  pos i t i on  o f  t he  tu rbu len t  r eg ion  th rough  
which  the  tone  t raverses .   Hence,   the  results should  not  be a f f e c t e d  by t h e  
source wake . 
Procedure 
Tests were conducted a t  tone  f requencies  of  2, 4 ,  and 6 kHz and a t  j e t  
v e l o c i t i e s  o f  10, 20, and 30 m/s.  Data f rom  the   n ine   fa r - f ie ld   microphones   and  
source microphone were h i g h - p a s s  f i l t e r e d  a t  1000 Hz and recorded on magnetic 
tape f o r  post-test d a t a  a n a l y s i s .  Power s p e c t r a  are p r e s e n t e d  h e r e i n  from t h e  
30°,  60°, and 90° microphones and were ob ta ined  wi th  the  a id  of a spectral  
ana lyzer   us ing  a bandwidth  of  analysis  of 12.5 Hz. Normal ized   au tocorre la t ions  
of  data  were c a l c u l a t e d  u s i n g  results from a g e n e r a l  time series a n a l y s i s  pro- 
gram.  These  calculat ions are d i s c u s s e d  f u r t h e r  i n  a l a t e r  p o r t i o n  o f  t h i s  
r e p o r t  . 
DATA PRESENTATIONS 
Time  H i s t o r i e s  
F igu re  9 p r e s e n t s  sample time h i s t o r i e s  o f  t h e  pressure s i g n a l s  f o r  b o t h  
t h e  source and the   fa r - f ie ld   microphone .  The data r e p r e s e n t  20-ms b u r s t s  a t  a 
source  f requency  of  2 kHz. F i g u r e   9 ( a )   p r e s e n t s   r e s u l t s   f o r  no j e t  f low;  f ig-  
ure   9 (b)   cor responds  to a j e t  v e l o c i t y   o f  30 m/s.  For both cases, t h e  source 
appears as a n e a r l y  p e r f e c t  s i n u s o i d a l  f u n c t i o n .  The j e t  flow  changed  the root- 
mean-square pressure by less than 0.25 dB. On the   o the r   hand ,   t he   f a r - f i e ld  
microphones show considerable  change,  due to propagat ion  of  the  tone  through the  
shear   l ayer   o f   the  je t .  Note tha t   t he   i n s t an taneous   ampl i tude   o f   t he   t one   i n  
the  f a r  f i e ld  has  unde rgone  cons ide rab le  change ,  a l though  the re  is no r e a d i l y  
discernible   f requency  change.   This  resu l t  provides  sol id  suppor t  to  the   cho ice  
of  amplitude modulation as t h e  cause of  the  spectral broadening observed in  the 
frequency  domain.   Addit ional   analysis  to  fo l low  a f f i rms   t h i s   conc lus ion .  
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(a) No flow. 
0 = 30° 
(b) 30-m/s jet v e l o c i t y .  
Figure 9.-  Microphone time h i s t o r i e s .  20-ms record  length; 
2-kHz s igna l .  
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Narrow-band Spectra 
F igure  10 p r e s e n t s  narrow-band power spectra (12.5-Hz bandwidth)  for  the  
30° far-field microphone a t  s e v e r a l  jet  v e l o c i t i e s .  T h i s  p a r t i c u l a r  a n g l e  was 
chosen so t h a t  t h e  t o n e  would t r a v e r s e  a r e l a t i v e l y  t h i c k  part of t h e  
s h e a r   l a y e r .  The source  was r a d i a t i n g  a t  4 kHz. With  no j e t  v e l o c i t y ,   t h e  
spectra show a 83-dB spike a t  t h e  source frequency. The f i rs t  harmonic is evi -  
den t  abou t  31 d B  lower. As j e t  v e l o c i t y  i n c r e a s e s ,  t h e  f i g u r e  shows a g radua l  
decrease i n  t h e  t o n e  amplitude and a s imultaneous broadening of  the spectra. 
In  add i t ion ,  b roadband  f low no i se  inc reases  wi th  inc reas ing  ve loc i ty .  Measure- 
ments  taken  wi th  the  source  of f  and  j e t  o n  i n d i c a t e  no change i n  t h e  j e t  n o i s e  
spectra due to t h e  source. The decrease in  tone  ampl i tude  sugges ted  the  occur-  
r e n c e  o f  d i r e c t i o n  s c a t t e r i n g  of sound to new angles ,  and the broadening effect 
was a t t r ibuted to Dopp le r - sh i f t i ng  by t h e  a u t h o r s  o f  r e f e r e n c e  9. I n  a subse- 
q u e n t  s e c t i o n  o f  t h e  paper, an a l t e r n a t e  e x p l a n a t i o n  is presented .  
F igu re  11 p r e s e n t s   t h e   e f f e c t s  of f a r - f i e l d   a n g l e  8 on   t he  scattered tone. 
The data show t h a t  t h e  b r o a d e n i n g  e f f e c t  o c c u r s  a t  a l l  a n g l e s  w i t h  t h e  l a r g e s t  
e f f e c t  o c c u r r i n g  a t  30°. Changes i n  t o n e  a m p l i t u d e  w i t h  a n g l e  are n o t  meaning- 
f u l  i n  f i g u r e  1 1 ,  s i n c e  t h e  source d i r e c t i v i t y  was no t  un i fo rm in  8, b u t  s lowly  
decreased wi th  inc reas ing  ang le .  
F igu re  1 2  p r e s e n t s  t h e  e f f e c t s  o f  t o n e  f r e q u e n c y  o n  s c a t t e r i n g .  A g a i n ,  
changes in  tone ampli tude cannot  be compared d i r e c t l y ,  s i n c e  t h e  r a d i a t i o n  effi- 
c iency  of t h e  source changes w i t h  frequency.  There appears to be more broaden- 
i n g  a t  the  h ighe r  f r equenc ie s ;  however, t h e  effect does n o t  appear t o  be 
s i g n i f i c a n t .  I t  was f o u n d  i n  r e f e r e n c e  9 t h a t  s c a t t e r i n g  becanes most s i g n i f i -  
c a n t  as t h e  r a t io  of shea r  l aye r  p ropaga t ion  pa th  to  t h e  acoustic wavelength 
becanes l a r g e r  t h a n  10. For t h e  p r e s e n t  data w i t h  s h e a r  l a y e r  t h i c k n e s s e s  esti- 
mated from f i g u r e  8 ,  t h i s  ra t io  was less than  5. Hence,   any  f requency  effect  
would be d i f f i c u l t  to e x t r a c t  from the  expe r imen ta l  data. 
DATA ANALYSIS 
I n  t h i s  s e c t i o n ,  t h e  data p r e s e n t e d  p r e v i o u s l y  are ana lyzed  in  an attempt 
to emphasize the amplitude-modulation effect  of the t ime-varying shear layer.  
Note f rom equa t ion  (5 )  t ha t  t he  role of t h e  s h e a r  l a y e r  i n  t h e  t h e o r e t i c a l  a n a l -  
y s i s  can be e x t r a c t e d  by d i v i d i n g  t h e  a u t o c o r r e l a t i o n  of t h e  acoustic s i g n a l  by 
cos uOT, i.e., 
= -  
cos WOT 2 
u n f o r t u n a t e l y ,  t h e  same c a l c u l a t i o n  w i t h  t h e  actual exper imenta l  data is 
no t  equ iva len t  because  the  source employed i n  t h e  e x p e r i m e n t  d id  not produce a 
pure  tone,  b u t  also contained  harmonics as no ted  in  the  p rev ious  sec t ion .  Thus ,  
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d i v i s i o n  o f  t h e  f a r - f i e l d  a u t o c o r r e l a t i o n  by t h e  c o s i n e  of the fundamental  
sou rce  f r equency  emphas izes  the  f i r s t  ha rmon ic ,  even  though  its ampli tude is 
t y p i c a l l y  a t  least  20 dB below t h a t  of the fundamental .  
An e q u i v a l e n t  c a l c u l a t i o n  c a n ,  however, be accomplished by d i v i d i n g  t h e  
acoustic s i g n a l  a u t o c o r r e l a t i o n  by t h e  c o r r e l a t i o n  c o e f f i c i e n t  o f  t he  acous t i c  
source,  
where RS(T) is t h e   a u t o c o r r e l a t i o n  of t h e  acoustic s i g n a l  measured a t  t h e  
source. T h i s   o p e r a t i o n  removes  the source charac te r i s t ics ,   whatever   they   might  
be. The equivalence  can be seen   f rom  the   l i nea r i ty   o f   equa t ion  (7 )  . Thus, 
i n  agreement with equation ( 7 ) .  
An example  of  such a ca l cu la t ion  fo r  expe r imen ta l  data a t  t h r e e  a n g l e s  (30°, 
60°, and 90°) f o r  a flow speed of 30 m/s and a nominal source frequency of 2 kHz 
is shown i n  f i g u r e  13. T h i s  f i g u r e  p r e s e n t s  t h e  a u t o c o r r e l a t i o n  of t h e  f a r -  
f i e l d  acoustic pressure normalized to uni t   ampl i tude  a t  T = 0. The r e s u l t i n g  
c o r r e l a t i o n  c o e f f i c i e n t  is d iv ided  by the c o r r e l a t i o n  c o e f f i c i e n t  of t he  acoustic 
source. Thus ,   the   p lo t ted   curves   cor respond to  estimates o f   t he   co r re l a t ion  
c o e f f i c i e n t ,  PA(') = RA(T)/RA(O), of the amplitude-modulation  process A ( t ) .  
These data were ob ta ined  by averaging  the  lagged  products from 1 second of data 
sampled a t  the  rate of 25 000 samples per second t o  estimate t h e  autocorrela- 
t i ons  o f  bo th  the  f a r - f i e ld  acous t i c  p re s su re  and  the  source s igna l  and  then  
per forming  the  ind ica ted  normal iza t ions .  L i t t l e  a t t e n t i o n  s h o u l d  be pa id  t o  t h e  
a u t o c o r r e l a t i o n  estimates as f approaches 1 second ,   s ince   t he  number of 
l a g g e d  p r o d u c t s  a v a i l a b l e  f o r  t h e  estimate becomes q u i t e  small and thus  the  va r i -  
ance  o f  t he  e s t ima te  inc reases .  Note t h a t  t h e  c u r v e s  e x h i b i t  a v i r t u a l  s p i k e  
of un i t   ampl i tude  a t  T = 0 a n d  q u i t e  r a p i d l y  d r o p  a n d  l e v e l  o u t  a t  a reason- 
a b l y   c o n s t a n t  lower va lue  as T i nc reases   i n   ag reemen t   w i th   t he   t heo ry  shown 
i n  f i g u r e  3. This  cons tan t  va lue  appears  to be a f u n c t i o n  o f  d i r e c t i v i t y  a n g l e ,  
being  approximately 0.94  a t  90°, 0.88 a t  60°, and  near 0.50 a t  30°, and  can be 
i n t e r p r e t e d  as the  r a t io  of the power in the unmodulated acoustic s i g n a l  to t h a t  
i n  t h e  modulated s igna l ,  s ince  theo ry  shows t h a t  
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as can be seen  from f i g u r e  3. Note t h a t  t h i s  r e s u l t  i n d i c a t e s  a s u b s t a n t i a l  
ampl i tude-modula t ion  e f fec t  in  agreement  wi th  the  observed  time h i s t o r i e s  shown 
i n  figure 9 ( b ) .  I t  also implies t h a t  i f  t h e  mean amplitude of t h e  a c o u s t i c  
s i g n a l  is not  changed by the  t ime-va ry ing  shea r  l aye r ,  acous t i c  power is n o t  
conserved  dur ing  the  propagat ion  process. 
CONCLUSION 
T h i s  paper h a s  a m s i d e r e d  the  e f f e c t  of a t ime-varying shear layer between 
a harmonic source and an observer  on the frequency of  the observed sound.  
Experimental  data have  shown t h a t  t h e  spectral content  of  the  acoustic s i g n a l  
is considerably  broadened upon passing  through  such a s h e a r  l a y e r .  T h e o r e t i c a l  
a n a l y s i s ,  as well as exper imenta l  data, was presented  which s h o w s  t h a t  t h i s  
spectral broadening is e n t i r e l y  c o n s i s t e n t  w i t h  amplitude modulation of 
t he  acoustic s i g n a l  by t h e  t ime-varying  shear  layer.   Thus,  no ac tua l   f requency  
s h i f t  need be hypothes ized  to e x p l a i n  t h e  spectral data. 
Langley Research Center 
Nat iona l  Aeronaut ics  and  Space Admin i s t r a t ion  
Hampton, VA 23665 
April 23, 1981 
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APPENDIX 
COMPARISON OF AMPLITUDE MODULATION WITH FREQUENCY MODULATION 
S i n c e  t h e  t h e o r y  of Schl inker  and A m i e t  (ref. 9)  implies an ac tua l  f requency  
s h i f t  i n  t h e  acoustic s i g n a l ,  it is of i n t e r e s t  to c a n p a r e  t h e  e f f e c t s  of a pure  
amplitude modulation developed earlier w i t h  t h e  e f f e c t s  o f  a pure frequency 
modulat ion.   I f   the   t ime-varying  shear   layer  were to produce an a c t u a l  f r e q u e n c y  
m o d u l a t i o n  o f  t h e  a c o u s t i c  s i g n a l ,  t h e  a c o u s t i c  pressure a t  the  obse rve r  c o u l d  
be expressed as 
where X ( t ) ,  a randan process independent of 4, r e p r e s e n t s  t h e  modu la t ing   e f f ec t  
of the  shea r  l aye r  on  the  f r equency  o f  the acoustic wave. The  form assumed i n  
equa t ion  ( A l l  d i f f e r s  s l i g h t l y  fran t h e  classical t r ea tmen t  of frequency modula- 
t i o n  (see, for  example, P a p o u l i s  (ref. 13) 1 i n  that  t h e  random v a r i a b l e  4 is 
e x p l i c i t l y  c o n s i d e r e d .  T h i s  form has  advan tages  in  the  cons t r a in t s  wh ich  mus t  
be placed on  the  process f o r  it to  be weakly  s ta t ionary  and  is p e r f e c t l y  v a l i d  
i n   t h a t   t h e   r a n d a n   v a r i a b l e  0 describes a characteristic canple te ly   indepen-  
den t  of  any ac t ion   of   the   t ime-vary ing   shear   l ayer .   S ince   the   e f fec ts   o f   the  
time dependence  of t h e  shear l a y e r  are small, one can expect t h a t  
E [ X ( t ) l  = blot 
Further ,  the  expec ted  va lue  of  t h e  acoustic s i g n a l  is again zero,  and its auto-  
c o r r e l a t i o n  is g iven  by 
NOW, let 
X ( t )  = m o t  + w ( t )  
where w ( t )  is the   f r equency- f luc tua t ion  process, and   f r an   equa t ion  (M), 
E [ w ( t )  1 = 0. The j o i n t   c h a r a c t e r i s t i c   f u n c t i o n  of the   randan  process w ( t )  i s  
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Then,  the  au tocorre la t ion  of  the  f requency-modula ted  acous t ic  pressure may be 
w r i t t e n  
Ao2 
RFM(T) = - Re[e i w T  @ ( - l , l ; t , t + T g  
2 
where Re[ 1 d e n o t e s   t h e  real  part of the   canplex   express ion .   Thus ,  it can be 
s e e n  t h a t  a n e c e s s a r y  a n d  s u f f i c i e n t  c o n d i t i o n  f o r  t h e  acoustic p r e s s u r e  t o  be 
weak ly   s t a t iona ry  is t h a t  t h e  j o i n t  c h a r a c t e r i s t i c  f u n c t i o n  of t h e  w ( t )  process 
depend only on the time d i f f e r e n c e ,  i. e. , 
C e r t a i n l y   t h i s  is t r u e  i f  w ( t )  i t s e l f  is second-order  stationary.   Although 
such  a requirement is n o t  s t r i c t l y  n e c e s s a r y ,  it is s u f f i c i e n t  a n d  w i l l  g e n e r a l l y  
be t r u e .  
I n   t h i s  case, t h e  f i n a l  e x p r e s s i o n  f o r  t h e  a u t o c o r r e l a t i o n  of the frequency-  
modulated acoustic wave becomes 
where I m [  1 i nd ica t e s   t he   imag ina ry  part of the  complex  expression. 
Now, n o t e  t h a t  (D (-1 , I  ; 0) = 1 because 
A l s o ,  
because w ( t )  and  w(t+T) becane independent as T j W .  Thus, t h e  R e r @ ( - l , l ; T ) ]  
looks very  much l i k e  t h e  a u t o c o r r e l a t i o n  of the amplitude-modulation process 
A ( t )  shown i n  f i g u r e  3, a n d  t h e  f i r s t  term i n  e q u a t i o n  (A7) leads to a power 




t h a t  shown i n  f i g u r e  4 for   the  ampli tude-modulated  acoust ic  pressure. The  second 
term i n  e q u a t i o n  (A7) would be expected to be small because  i f  the  randan  
process Z ( T )  = w ( t + T )  - w ( t )  is s y m m e t r i c a l l y   d i s t r i b u t e d  a b o u t  its m e a n  va lue  
E I Z ( T ) I  = 0, 
I m [ @ ( - l , l ; T ) ]  = E[sin  [w(t+T) - w ( t ) ] ]  E 0 
This  can be seen by cons ide r ing  
whe r 
E [ s i n  Z] = s i n  z f , ( z )   dz  
e f , ( z )  i s  the   dens i ty   func t ion   o f   t he  random va r i a b l e  Z ( T ) .  Equ ,a- 
t i o n  ( A 8 )  is the  in t eg ra l  o f  an  odd  func t ion  ove r  even  limits. When the   second 
term i n  e q u a t i o n  (A7)  is zero,   the   form  of   the  autocorrelat ion  of   the  f requency-  
modulated acoustic wave is e x a c t l y  t h e  same as t h a t  of t h e  a m p l i t u d e m o d u l a t e d  
acoustic wave given by equa t ion  (5 ) .  Thus,  no d i f f e r e n t i a t i o n  o f  t h e  two is 
poss ib l e  on  a spectral b a s i s .  The o n l y  major d i f f e rence  be tween  the  t w o  is t h a t  
t h e  power of the frequency-modulated acoustic pressure is 
s i n c e  @ (-1,l;O) = 1.  Thus,  frequency  modulation is seen to  be power p r e s e r v i n g  
i n  t h e  s e n s e  t h a t  t h e  power is e x a c t l y  t h e  same as t h a t  of t h e  unmodulated acous- 
t i c  s i g n a l .  
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SYMBOLS 
amplitude  of  amplitude-modulated  acoustic  signal 
constant  amplitude  of  unmodulated  acoustic  signal 
jet  diameter 
density  function of random  variable Z ( T )  
thickness of shear  layer 
acoustic  pressure 
autocorrelation of amplitude-modulation  random  process 
autocorrelation  of  amplitude-modulated  acoustic  signal 
autocorrelation  of  frequency-modulated  acoustic  signal 
autocorrelation of unmodulated  acoustic  signal 
autocorrelation  of  source  acoustic  signal 
autocorrelation  of  amplitude-fluctuation  random  process 
power spectral  density  of  amplitude-modulation  random  process 
power spectral  density  of  amplitude-modulated  acoustic  signal 
power spectral  density  of  unmodulated  acoustic  signal 
time 
mean  jet  velocity 
jet centerline  velocity 
axial  flow  velocity 
turbulent  intensity  in  axial  direction 
frequency-fluctuation  random  process 
frequency-modulation  random  process 
difference randm process 




0 directivity  angle 
A1 1x2 variables in equation (A51 
PA 0 )  correlation coefficient of amplitude modulation 
P ~ ( T )  correlation coefficient of amplitude-modulated signal 
Ps 0 1 correlation  coefficient  of  source  pressure 
T time  difference 
41 (X1 ,X2; tl , t2) joint  characteristic  function  of  random  process w(t) 
4 random  phase  angle 
w circular  frequency 
W O  nominal  circular source  frequency 
E[ 1 mathematical  expectation 
Re[ 1 real part of expression 
Im[ 1 imaginary part of expression 
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